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Abstract 

In this paper, we deal with one dimensional backward doubly stochastic differential equa- 
tions (BDSDEs). We obtain existence theorems and comparison theorems for solutions of 
BDSDEs with weak assumptions on the coefficients. 
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O ■ 1 Introduction 

O' 

Pardoux and Peng [H] introduced the following nonlinear backward stochastic differential equa- 
tions (BSDEs): 

X" 

C^ ; Jt Jt 

They obtained the existence and uniqueness of solutions under the Lipschitz condition. Since 
then, the theory of BSDEs has been developed by many researchers and there are many works 
attempting to weaken the Lipschitz condition in order to obtain the existence and uniqueness 
results of BDSDEs (see e.g., Bahlali [1], Briand and Confortola [3], Darling and Pardoux [5], 
El Karoui and Huang |6], Hamadene [7], Jia [8], Kobylanski [9], Lepeltier and San Martin [10] 
and the references therein). Today the BSDE has become a powerful tool in the study of partial 
differential equations, risk measures, mathematical finance, as well as stochastic optimal controls 
and stochastic differential games. 

After the nonlinear BSDEs were introduced, Pardoux and Peng [15] brought forward BDS- 
DEs with two different directions of stochastic integrals, i.e., the equations involve both a stan- 
dard stochastic Ito's integral and a backward stochastic Ito's integral: 



Yt = C+ [ f{s,Ys,Zs)ds- [ ZsdWs, t e [0,T] 
Jt Jt 



Yt = C+ f f{s,Ys,Zs)ds+ [ g{s,Ys,Zs)dBs- [ ZsdWs, t e [0,T], 
Jt Jt Jt 



(1.1) 
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the integral with respect to {Bt} is a backward Ito's integral and the integral with respect to {Wt} 
is a standard forward Ito's integral. By virtue of this kind of BDSDE, Pardoux and Peng [15] 
established the connections between certain quasi-linear stochastic partial differential equations 
and BDSDEs, and obtained a probabilistic representation for a class of quasi-linear stochastic 
partial differential equations. They established the existence and uniqueness results for solutions 
of BDSDEs under the Lipschitz condition on the coefficients. This kind of BDSDEs has a 
practical background in finance. The extra noise B can be regarded as some extra information, 
which can not be detected in the financial market, but is available to the particular investors. 

Since the work of Pardoux and Peng [15] , there are only several works attempting to relax the 
Lipschitz condition to get the existence and uniqueness results for one dimensional BDSDEs. Shi 
et al. [16] obtained that one dimensional BDSDE (jl.ip has at least one solution if / is continuous 
and of linear growth in {y,z), and {/(t,0,0)}jg[o^r] is bounded. Under the assumptions that 
/ is bounded, left continuous and non-decreasing in y and Lipschitz in z, Lin [11] established 
an existence theorem for one dimensional BDSDE (jl.ip . Lin [12] proved that one dimensional 
BDSDE (jl.ip has at least one solution if the coefficient / is left Lipschitz and left continuous in 
y, and Lipschitz in z. Lin and Wu [13j obtained a uniqueness result for one dimensional BDSDE 
(jl.ip under the conditions that / is Lipschitz in y and uniformly continuous in z. 

Motivated by the above results, one of the objectives of this paper is to get an existence 
theorem for one dimensional BDSDE (jl.ip . which generalizes the result in Shi et al. [16] 
by the condition of the square integrability of {/(i, 0,0)}tg[o,T] instead of the boundedness of 
{f(t,0,0)}t^[QX]- The other objective of this paper is to generalize the existence result in Lin 
[12] . We consider the fohowing BDSDE: 

Yt = ^+ I [sgn{Ys)Y,^ + ^zj^^^ds + j g{s, F,, Zs)dB, - j Z.dW^, t € [0, T]. 



Since \/zlsz>o\ is not Lipschitz in z, then we can not apply the existence result in Lin [12] 
to get the existence theorem of the above BDSDE. We shall investigate an existence result for 
one dimensional BDSDE (jl.ip where / is left Lipschitz and left continuous in y and uniformly 
continuous in z, which improves the result in Lin [12]. Since / is uniformly continuous in z, then 
we can not apply comparison theorems for solutions of BDSDEs in [16] and |12| . In order to get 
the existence theorem for solutions of BDSDEs we shall first establish a comparison theorem for 
solutions of BDSDEs when / is Lipschitz in y and uniformly continuous in z, which plays an 
important role. 

This paper is organized as follows: In section 2, we give some preliminaries and notations, 
which will be useful in what follows. In section 3, we obtain an existence theorem for the solutions 
of BDSDEs with continuous coefficients. In section 4, we establish an existence theorem and a 
comparison theorem for the solutions of a class of BDSDEs with discontinuous coefficients. 

2 Preliminaries and Notations 

Let T > be a fixed terminal time and (0,7-", P) be a probability space. Let {V^t}o<t<T and 
{i?(}o<t<T be two mutually independent standard Brownian motion processes, with values in 
M and M , respectively, defined on (il, J^, P). Let M denote the class of "P-nuU sets of T. Then, 
we define 



where for any process {rjt}, T^i = (T{r]r — rjsjS < r < t} V A/". Let us point out that Jg^ is 
increasing and J-frp is decreasing in t, but J-t is neither increasing nor decreasing in t. 
Let us introduce the following spaces: 

• L^(r2, J-j^jP) = "^ ^ : J^T— measurable random variable such that IE[|^p] < oo >. 

• 5'^(0,T;]R) = < 99 : 99 is a continuous process with value in M such that ||9?|||2 = 

E[ sup Iv^ip] < 00, and (ft is Jt— measurable, for all t S [0,T] >. 
o<t<T J 

• M^(0, T; W^) = lip : if is a jointly measurable process with value in M'^ such that ||93|l^j2 = 
E[L I^Jtpfii] < 00, and ipt is J-^— measurable, for all t E [0,T] >. 

Let 

In this paper, we suppose that ^ € L^(ri, Jt,P) and </ always satisfies the following assump- 
tions: 

(HI) (Lipschitz condition): There exist constants C > and < a < 1 such that, for all 

{t,yi,Zi)e [0,T] xMxR'^, i = l,2 

\g{t,yi,zi) - g{t,y2,Z2)\'^ < C\yi -?/2p + aki -^;2p- 
{H2) For ah {y,z) e M x M'^, g{-,y,z) gM2(0,T;M'). 

Let 

/ : f] X [0, T] X M X M'^ ^ M 

be such that, for all {t, y, z) G [0, T] x M x M"^, /(t, y, z) is J-j— measurable. We make the following 
assumptions: 

{H2i) (Lipschitz condition): There exists a constant C > such that, for all {t,yi,Zi) € 
[0,r] xMxM'', i = 1,2, 

\f{t,yi,zi) - f{t,y2,z2)\ < C{\yi -2/2! + \zi - Z2\)- 

(F4)/(-,0,0)gM2(0,T;M). 

{H5) f{t,y,-) is uniformly continuous and uniformly with respect to {uj,t,y), i.e., there 
exists a continuous, sub-additive, non-decreasing function cj) : M"*" — )■ M+ with linear growth and 
satisfying (j){0) =0 such that 

\f{t,y,zi) - f{t,y,Z2)\ < (l){\zi - Z2\), 

for all (i, y, Zi) G [0, T] x M x W^, i = 1,2. Here we denote the constant of linear growth for (p by 
C, i.e., 

0<<^(|x|) <C7(l + |x|), 

for all X eR. 

{H6) f{t, •, z) is left continuous and satisfies left Lipschitz condition in y, i.e., for all (t, yi,z) G 
[0, T] X M X M"^, i = 1, 2 and yi > 2/2, 

f{t,yi,z) - f{t,y2,z) > -C{yi - y2). 



{H7) For all {t,uj) € [0, T] x il, /(a;,i, •,•) is continuous. 
{H8) There exists a positive constant C such that 

\f{uj,t,y,z)\ <C{l + \y\ + \z\), {u,t,y,z) eQx [0,T] x M x M*^. 

{H8') There exists a constant C > and a positive stochastic process K G M^(0, T;]R) such 
that, for all {uj,t,y,z) £nx[0,T]xRx W^, 

\f{oj,t,y,z)\<C{Kt{uj) + \y\ + \z\). 

Remark 2.1 Crandall ^ first used {H5) to study viscosity solutions of partial differential equa- 
tions. 

Remark 2.2 From {H5) and {H6) we know that, for {t,yi,Zi) G [0,T] x M x R'^, i = 1,2 and 
2/1 > y2; we have 

f{t,yi,zi) - f{t,y2,Z2) > -C{yi - ^2) - 4>{\zi - Z2\)- 

Remark 2.3 // we take (j){x) = Cx,x > 0, in {H5), where C is a positive constant, then 
combining {H6) with some conditions Lin 11^ obtained that one dimensional BDSDE has at 
least one solution. 

Remark 2.4 Under the assumptions [HI) and {H8) Shi et al. jildf proved that one dimensional 
BDSDE has at least one solution. 

Remark 2.5 It is obvious that {H8') implies {H8). 

For n € A^, we let 

fAt,y,z)= inf \f{t,u,v)+n{\y-u\ + \z-v\)\ 

and 

ln{t,y,z)= sup lf{t,u,v)-n{\y-u\ + \z-v\)\. 



Then, we have the following lemma, which was established by Lepeltier and San Martin |10j . 

Lemma 2.6 // / satisfies [HI) and {H8), then, for n > C and {t,y,z) G [0,T] x M x M"', we 
have 

(i) -C{\y\ + \z\ + 1) < / Jt, y, z) < fit, y,z) < /Jt, y, z) < C{\y\ + \z\ + 1). 

(a) f {t,y,z) is non- decreasing in n and fn{t,y,z) is non-increasing in n. 

(Hi) For all {uj, t, yi,Zi) G x [0, T] x M x M.'^, i = 1,2, we have 

\f_^{^,t,yi,zi) - [_^{uj,t,y2,Z2)\ < n{\yi -2/2I + \zi - Z2\). 

The same holds for /„. 

(iv) If {yn,Zn) -^ iy,z), as n -^ 00, then [_Jt,yn,Zn) -^ f{t,y,z), as n -^ 00. The same 
holds for /„ . 



Given ^ G L'^{^,Ft,^), we consider the following BDSDE with data {f,g,T,^) : 

Yt = ^+ [ fis,Ys,Zs)ds+ [ g{s,Ys,Zs)dBs- [ Z.dWs- (2.1) 

Jt Jt Jt 

Definition 2.7 A pair of processes (Y, Z) € M. x R^ is called a solution of BDSDE i2.1\) . if 
(Y,Z) G S^{0,T;R) x M'^{0,T;R'^) and satisfies BDSDE [2l\} . 

Pardoux and Peng [15] established the following existence and uniqueness for solutions of 
BDSDE (I2TH. 



Lemma 2.8 Under the assumptions (HI) — (HA), BDSDE 112. 1\) has a unique solution (Y, Z) G 
5^(0, r;M) X M2(0,r;M'^). 

Finally, we make another assumption, which will be needed in what follows. 

{H9) There exist two BDSDEs with data {fi,g, T, ^) which have at least one solution (y*, Z*), 
i = l,2, respectively. For ah (t, y, z) G [0, T] x M x M^, 

fiit,y,z) < fit,y,z) < f2it,y,z), Y,^ < Y^^a.s.. 

Moreover, the processes < fi{t, Y"/, Zl) > , i = 1,2, are square integrable. 

3 Existence theorem for BDSDEs with general continuous co- 
efficients 

The objective of this section is to obtain an existence theorem for BDSDEs, which generalizes 
the corresponding result of Shi et al. [16]. 

We first give the following useful lemma. For its proof the reader is referred to [2] and [lOj . 



Lemma 3.1 Let f and /,„ be introduced in Section 2. If f satisfies {H7) and {H8'), then, for 
n> C and {t, y, z) G [0, T] x R x W^, we have 

(i) -C{\y\ + \z\ + Kt) < l^{t,y,z) < f{t,y_,z) <J^{t,y,z) <C{\y\ + \z\ + Kt). 

(a) f {t,y,z) is non- decreasing in n and f^{t,y,z) is non-increasing in n. 

(Hi) For all (w, t, yi,Zi) G il x [0, T] x M x R'^, i = 1,2, we have 

\LS^,'t,yi,zi) - [_^{uj,t,y2,Z2)\ < n{\yi - y2\ + \zi - Z2\). 

The same holds for /„. 

(iv) If {yn,Zn) -^ {y,z), as n -^ oo, then f_Jt,yn,Zn) -^ f{t,y,z), as n -^ oo. The same 
holds for /„ . 

We also need the following comparison theorem obtained in Lin |12j . 

Lemma 3.2 Assume BDSDEs /i2.1]) with data {f^,g,T,S}) and {f'^,g,T,S,'^) have solutions 
{y^,z^) and {y'^,z^), respectively. If f^ satisfies (HS) and (Hi), ^^ < ^^, a.s., f^{t,yf,zf) < 
f'^{t,y1,z'l), dFdt-a.s. (resp. f^ satisfies {H3) and (HA), f^{t,yl,zl) < f'^{t,yl,zl), dFdt-a.s. 
), then we have y} < yf, a.s., for all t G [0, T]. 

We now give the following existence theorem for BDSDEs, which extends the corresponding 
result in Shi et al. [16] by eliminating the condition that {-R'ijielo.r] is a bounded process. The 
coefficient g in the backward Ito's integral will bring the extra estimate difficulty. 



Theorem 3.3 Under the assumptions {H7) and {H8'), BDSDE with data {f,g,T,S,) has a 
minimal (resp. maximal) solution {y,z) (resp. {y,z)) of BDSDE with data {f,g,T,^), in the 
sense that, for any other solution {y,z) of BDSDE with data (f,g,T,^), we have y <y (resp. 

y> y)- 

Proof: We only prove that BDSDE ()2.ip with data {f,g,T,S,) has a minimal solution. The 
other case can be proved similarly. Let 

h{uj,t,y, z) = C{Kt{oj) + \y\ + \z\), 

and / be introduced in Section 2. Then, f < h, and we consider the following BDSDEs: 

yt=^ + J lJs,y^,z^)ds + J gis,y^,z^)dB,- J zyWs, te[0,T], (3.1) 

and 

Ut = i+ ( h{s,Us,Vs)ds+ f g{s,Us,Vs)dBs- [ VsdWs, t e [0,T]. 
Jt Jt Jt 

Prom Lemma [2^ it follows that the above BDSDEs have unique solutions (y", z") G 5*^(0, T; M) x 
M2(0,r;R'^), and {U,V) G S^{0,T;R) x AP{0,T-R'^), respectively 

By a comparison theorem for BDSDEs (see Lemma 13.21 or |16j ) and Lemma 13.11 we have, 
for n > C, 

y-n < yn+i < U, dFdt - a.s. 

Then, there exists a positive constant A independent of n such that 

II U \\s2< A, II V ||m2< a, and || y„ ||52< A. 

Therefore, from the dominated convergence theorem it follows that {yn} converges in 5^(0, T; M). 
We shall denote its limit by y G S^{0,T;R). 
By (HI) and Young inequality we get 

\git,y^,z^)\' < il + l^)\g(t,y^,z^)-git,OM' + il + -^)\git,0,0)\' 

4a 1 — Q 

< i±pcKP + l±^|zrp + \^b(t,o,o)p. 

By virtue of Lemma 13.11 and using Young inequality we have 
ytLJt,y^,z^) < C\y^\{Kt + \y^\ + \zn) 

- ^ 2 2-2a^'^* ' 2 1*1^2'' 

Consequently, by the above inequalities and applying Ito's formula to |yf ^ and taking mathe- 
matical expectation, we obtain 



E • i~"i2 



dt = E|ep-|yo"l' + 2Ey" y^ljt,y^,z^)dt 

rp 

+E f \g{t,y^,z'^)\^dt 
Jo 



4 Jo 1 - a Jo 

c)e [ \y^\^dt. + ^E [ \Ktfdt. 
^ Jo ^ JO 



'3C C72 1 + 3^ 

+ -^ + :^ — + 



2 2 -2a 4a 

Therefore, 



Jo 1 - a (1 - a)^ Jo 



A. 



which is bounded and independent of n. 

Using Ito's formula to | yf — yf^ p we obtain 

rT 

n ^m\2j4. I I „.n „.m |2 



Jo 

2E[ ^(yr - yn {Lit, y^, zD - IJt, vT, zT)) dt] 



T 


+e/ \g{t,y^,z^)-g{t,yT,zT)\''dt. 
Jo 

Prom Lemma |3.H || Zn ||a/2< A and || y„ ||52< ^ it follows that there exists a positive constant 
Co independent oi n,m such that 

El^'^lyr - vDiLit, y^, zD - /^(t, VT, zr))dt] 

T 



<Co(e/ |yr-yrf^i)^ 

Jo 



'0 

Therefore, by virtue of (HI) we get 

rT 



E/ \z^-z^\^dt+\y^-y^\' 


2 



Then, we deduce 



< Co[eI \y^-yr\'dty 

rT i-T 

+aE / |zf - zf'pfit + CE \y'^ - y^fdt. 
Jo Jo 



(l-a)E / |zt"-^rP^* 
Jo 



Therefore, {z"}^]^ is a Cauchy sequence in M (0,T;M ). Then, there exists z_ G M (0, T; 
such that 



lim E[/" |zt"-i/^t] =0. 



Thanks to (HI) and BDG inequality we know that there exists a positive constant Ci indepen- 
dent of n such that 



.T r-T 

E[ sup I / g{s,y,zJdBs- / gis,y^,z^)dBs\'^] 
te[o,r] Jt Jt 

< CiEij \g{s,y^,z,)-g{s,y^,z^)\^ds] 

< CiaE[J \z^-z,\^dt] + CiCnJ \yl'-yfdt] 



— )■ 0, as n — > oo. 
For ah iV > and (t, y, z) G [0, T] x E x M'^, from Lemma EH] and Dini's Theorem it follows that 
lim sup 1/ (t,y,z) -/(i,y,z)| = 0, dtdP-a.s. 

Therefore, by the dominated convergence theorem we have 

r-T 



limE/ i/jt,yr,^r)-/(i,yr,^r)ii 



{l%"| + l^j"|<Af}'^* — 0- 



By virtue of {H7) we know that 

r-T 



E / |/(t,yj",zn-/(i,^i,it)|i{|j/ri+kri<^}^* 







converges to at least along a subsequence. 
From Lemma |3. II and {H8') it follows that 

e| |/Jt,2/r,zr) - f{t,yt,zM\y?\ + \z?\)dt = C2 < oo. 

Here C2 is a positive constant and independent of n. Consequently, 



/■^ . C2 

IE / \l^{t,yl\zt) - f{t,y_^,z^)\l{\yn\+\^^\>N^^dt < — . 

Combining the above inequalities, passing to a subsequence if necessary, we have 

^l \Ut,y?,z'^)-f{t,y^,Zt)\dt 

< e/ |/jt,yr,^?) -/(*,%", ^r)|i{|j/ri+kri<^}^* 

Jo 

T 



I C2 

+E / \f{t,yt,z^) - f{t,y^,zt)\l{\yn\^\,n\^^ydt + — 



C2 
as n — )■ 00. Thus, letting N -^ 00, we have 



E/" \f(t,y^,z^)-f{t,yt,zt)\dt^O, 



-" 



as n — )• oo, passing to a subsequence if necessary. We now pass to the limit on both sides of 
BDSDE p.ip . passing to a subsequence if necessary, it foUows that 

Jt Jt Jt 

Consequently, BDSDE with data {f,g,T,S,) has a solution {y,z). 

Let {y',z') be any solution of BDSDE with data {f,g,T,^). Then, let us consider the 
following BDSDEs: 

T 



and 



y't = C+ f f{s,y'„z',)ds+ [ g{s,y',,z',)dBs- f z'jWs, t (^[Q,T], 
Jt Jt Jt 

y? = ^ + J lJs,y^,z^)ds + J gis,y^,z^)dBs- J zyW^, t e [0,T], 

By virtue of Lemma 13.21 we have y"" < y' . Consequently, due to the first part of the proof and 
taking the limit we have y <y' . The proof is complete. D 

If {-K't}tg[o,T] is a bounded process, then we have the following corollary, which was obtained 
by Shi et al. [I6]. 



Corollary 3.4 Under the assumptions {H7) and {H8), BDSDE with data {f,g,T,^) has the 
minimal solution (2/,,£i)o<«T (resp. maximal solution {y^,'zt)o<t<T)- Moreover, for all t € 

^r ^ ^r' ^yt^yt< vt^' < vt- 

And (y",!") -^ iy,z) and {y^,z^) -^ {y,z) both in 5^(0, T;IR) x M'^{0,T;R'^), as n -^ oo, 
where {y^,z^) is the unique solution of BDSDE with data (/ ,g,T,^) and (y",z") is the unique 
solution of BDSDE with data {f„,g,T,^). 

4 Existence theorem and comparison theorems for BDSDEs 
with discontinuous coefficients 

The objective of this section is to investigate an existence theorem and a comparison theorem 
for solutions of BDSDEs with discontinuous coefficients. 

We shall give a comparison theorem for BDSDEs (j2.ip under the conditions that / is Lipschitz 
in y and uniformly continuous in z, i.e., 

(-ff 10) There exists a positive constant C such that, for all (t, yi, Zi) € [0, T] x M x W^, i = 1,2, 

\f{t,yi,zi) - f{t,y2,Z2)\ < C\yi - y2\ + (l){\zi - Z2\), 

where (j) is introduced in {Hh). 

We need the following existence theorem and uniqueness theorem for BDSDEs, which was 
established in [T3l. 



Lemma 4.1 Under the assumptions (HA) and (HW), BDSDE 112. 1\) has a unique solution 
{Y,Z) € S2(0,T;M) x M'^{<d,T;W^). 



Since (p is uniformly continuous, then we can not apply comparison theorems for solutions 
of BDSDEs in [16] and [1^ to the proofs of Lemma 14.31 and Theorem 14.41 We now establish a 
comparison theorem of BDSDEs when / satisfies the condition (HIO), which plays an important 
role in the proofs of Lemma 14.31 and Theorem 14.41 

Theorem 4.2 Suppose that BDSDEs with data {f^,g,T,^^) and {f'^,g,T,^'^) have solutions 
{y^,z^) and {y'^,z'^), respectively. If f^ satisfies (HA) and (HIO), ^^ < ^^, a.s., f^{t,y^,z^) < 
f{t,ylzf), dFdt-a.s. (resp. f satisfies {H4) and (HW), f\t,yl,zl) < f{t,ylzl), dFdt - 
a.s.), then we have y} < y^, a.s., for all t G [0,r]. 

Proof: We only prove the first case, the other case can be proved similarly. For n G 

N, (t, y, z) G [0, T] X M X M'', we let 



fn{t.y.z) = mi \f^{t,y,v) + n\z - v\\. 



t 1^ 



Then, since fHt,ylz^) < f^t,ylzf), a.s., we have fl{t,ylz^t) < fHt,ylz^) < fHt^vl^t 
a.s. 

From Lemma[M]and (HW) it follows that, for all {t,yi,Zi) G [0,r] x M x M^, i = 1,2, 
\fn{t,yi,zi) - fn{t,y2,Z2)\ < C\yi -2/2I +n\zi -Z2I, 
and we consider the following BDSDE: 

ft=^'' + j f}Xs.t,z^s)ds + j g{s,f^,z2)dBs- j z^dW^, t e[Q,T], 

and 

y^ = e+ [ f\s,ylzl)ds+ f g{s,ylzl)dBs- f zldW,,te%T]. 
Jt Jt Jt 

By virtue of Lemma 13.21 we obtain y" < y|, for n > C. Theorem 13.31 and Lemma l4 . 1 1 yield 

yl<yl a.s., for ah tG[0,r]. 
The proof is complete. D 

From now we study an existence theorem and a comparison theorem for solutions of BDSDEs 
under the conditions {H5), {H6) and {H9). 

From {H9) we know that there exist two BDSDEs: i = 1, 2, 

Yi = i+t fi{s,Y:,Zi)ds+ [ g{s,Yi,Zl)dBs- f Z^dH^,, t G [0, T] 
Jt Jt Jt 

such that fi{-,Y\Z^) G M2(0,r;]R). 

We now construct a sequence of BDSDEs as follows: 

yt=i+ r[f{s,yr\zr') - C{y^ - yr') - H\zs - zr'\)]ds 



t 

T 



+ [ g{s,y^,z^)dBs- [ z^dW^, tG[0,r], 
Jt Jt 

where n = 1, 2, • • • , and {y^ , z^) = (Y^ , Z^). We have the following lemma: 



(4.1) 



10 



Lemma 4.3 Under the assumptions {H5), {H6) and {H9), for all n = 1,2,- ■■ , BDSDE |^.i[ j 
has a unique solution (y",z'') G S^{0,T;R) x M'^{0,T;R'^), and y/ < yf < y^^^ < Y"^ , a.s., for 
allte [0,T]. 

Proof: For n = 1, from {H5), {H6), (if 9) and F/ < F/ it follows that 

f2it,Y,\Z^)-fit,Y,\Z^) > f{t,Y,\Z^)-f{t,Y,\zl) 
>-C{J^-Yl)-4>(\Zl-Zl\). 

Then, we have 

f2{t,Y^.Zl)^C{Y^-Yl)^c\>(\Zl-Z\\)>f{t,Yl,Zl)>fr{t,Yl,Zl), 

and 

f2{t.Ylzl) > f{t,Y,\zl) - C{Y^ - y/) - 4>{\zl - Z\\). 

Thus, due to (ii9) and linear growth of we have /(•, X^, Z^) G M^(0, T; M), and from Lemma 
Oit follows that BDSDE gT]) has a unique solution (y^ z^) G S'2(0,r;M) x M2(0,r;M'^), and 
by virtue of Theorem 14.21 we have Yi <y\ < Y^, a.s., for all t G [0,T]. 

For n = 2, by {H5), {H6), {H9) and Y.^ < y^ < Y'^ we deduce 

/2(t,y,2,Z2)-/(i,yi,zi) > f{t,YlZl)-f(t,y\,z\) 

> -C{jf-y\)-4>{^\Z}-z\\), 

and 

fit,y},z})-f,it,Y,\zl) > fit,y},z})-fit,Y,\zl) 

> -C{y\-Yl)-Cl>(\z]-Zl\). 

Then, we obtain 

/2(t, y/, Z2) + C{Y^ - y\) + </,(|z2 - z\\) 
> fit, viz}) > flit, Y,\ZJ) - C{yl - y/) - cl>{\z] - Zl\), 

f2it,Y,\ZJ) > f{t,y],z]) - CiY^ - y\) - c\>{\Zl - z\\), 

and 

fit,y\,z\) > fit,Y,\z}) - C{y} - Y,') - ^i\z} - Z}]). 

Thus, f{-,y^,z^) G M2(0,r;M), and by Lemma O and Theorem |M] we know that BDSDE 
dUD has a unique solution {y'^,z^) G S^{Q,T;M}) x M'^{id,T;W^), and Y^ < yj < yf < Y^, a.s., 
for ahiG [0,r]. 

For n > 2, we suppose that Y^ < y"-^ < y" < y^ and /(•,y"-\ z"-^) G M^{0,T;R). Let 
us consider the following BDSDE: 



,,n+l 



T 



fis,y^,z^) - Ciy^' - y^) - cPHz^' - z^\) 

+ r g{s,y^+\z^+')dB, - [ z^+'dW^, t G [0,T] 
Jt Jt 



It 
rT rT 



ds 

(4.2) 
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Using the similar argument as n = 2 we get 



/2(t, y/, zt) + c(y/ - yr) + 4>{\zt -z^\)> fit, y^, z^) 

> hit, Y,\ Zl) - dy^ - y,i) - <^(|zr - Zl\), 
f2it,Y,^Z^)>fit,y^,z^)-CiY,'-y^)-cPi\Z^-z^\), 



(4.3) 



and 



fit,y^,z^) > fit,yr\zr') - Ciy^ - y'r') - H\z? - zr'\)- 

Consequently, /(•,y",z"') € M^(0,T;IR), and using Lemma 14.11 and Theorem 14.21 again we 
obtain that BDSDE g^D has a unique solution (y"+\z"+i) G 5^(0, r;M) x M^iO,T;R'^), and 
y/ < y? < Vt^'^ < Yt, a.s., for ah t G [0, T]. The proof is complete. D 

We now state and prove the main result in this section. 

Theorem 4.4 Under the assumptions (i/5),(i?6) and iH9), BDSDE with data if,g,T,^) has 
a solution. Moreover, if fi satisfies iH4) and (iJlO), then BDSDE with data if,g,T,S,) has 
a minimal solution iy,z), in the sense that, for any other solution iy,z) of BDSDE with data 
if,9,T,C), we havey< y. 

Proof: By Lemma 14.31 we know that {y^}^^i converges to a limit y in 5^(0, T;M) and 



supE[ sup jyt"r] < E[ sup IF/^ +E[ sup \Y/\^] < oo. 

n 0<t<T 0<t<T 0<t<T 



Let 



f^it,y?,z^) = fit,yr\zr') - ciy? - yr') - H\z? - zr'\). 

Then, from (iJ5), (i?6) and (03]) it follows that 



n ..,«—! I 



I f^it,y?,zn\ < \fit,yr\zr') l +C\y^-yr'\ + 4>i\z?-zl 

2 

< Y.[\M*^^t,zi)\ + c\Y;\ + c\zi 



+C[\y?\ + \zn 



3C 



li/t \ ^ \Zt \ ^ ^ 



Thanks to iHl) we get 



\git,y^,z^)\' < il + L^)\git,y^,z^)-git,0,0)\'+il + -^] 

2a 1 — a 



< 



2a ' ' ' 2 

We apply Ito's formula to | y" ^ and obtain 



l + "c|yrP + i±^|,np + i±^|,(,,0,0)p 



1 — a 



E 



r \z^fdt = E I e P - I yo" I' +2IE r y?f"it, y?, z'Ddt 
Jo Jo 



+E I \git,y^,z^)\Ut 
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< Ci + 



3 + a 



E 



~n|2 



Z^Ydt + 



1 — a 



E 



5(t,0,0) 



n-l|2 



dt, 
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where 



dt 

2 . pT 



Ci = supE{2/ ^|yri[|/.(t,y/,z^)| + c|y/|+c7|z^ 

n ^ Jo .^^ L 

I- a Jo \ 2a l-aJJo 

+6C [ \y^yr'\dt + 6C [ \y^\dt} +K\C\' 
Jo Jo -" 



Then, we deduce 



Therefore, we get 



E 



T 



< OO. 



^ I- a 2 ' ' ^ ' 



.n|2. 



and 



supE / \z^\^dt < OO 

n JO 



supe/ ir(t,yr,^r)i'di<oo. 

n Jo 



Let 



C2 = supe/ |r(t,yr,zni'di. 

n Jo 

Using Ito's formula to | j/" — yj" p we obtain 

E r\z^-zr\'dt+\yl^-y^\^ 
Jo 



2E ^(yr - vD {nt, yr, ^D - rit, %-, ^d) ^^ 



+E/ \g{t,yl\z^)-g{t,yr,zr)\'dt. 
Jo 



Due to (-ff 1) again it follows that 

E 







^n ~,in\2i.. I n m |2 



< 4C| 



^{e^ \y^-yT\^dt^'' 



) 



Then, we have 



+qE / \z'^ - z'^\^dt + CE \y]^ - y^l'^dt. 
Jo Jo 



(l-a)E/ |zj"-zrrrfi 
Jo 

< ^cI{e£ \y^ - yri'dty + ce£ |yr - yn'dt. 
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Therefore, {z''}'^^^ is a Cauchy sequence in M'^{0,T;R''-), and there exists z G M'^{0,T;] 



such that 



Hm E 

n— >oo 



\zt -Zt\^dt = 0. 



From {H1),{H2),{H5),{H6), the above equahty and {y"}^=i converges to y in 5^(0, r;M) it 
fohows that 



sup I [ zyWs - [ 
te[o,T] Jt Jt 



z,dW,\ 



0, 



(4.4) 



sup I / g{s,y^,z'^)dBs- / 5(s,y,,ljd5^| ^ 0, 
telo.T] Jt Jt 



fT rT 

ie[0,T] Jt Jt 

and for almost all a; G fi, passing to a subsequence if necessary, we have 

nt,y'^,z^) - /(t,y^,it) ^0, dt- a.e., as n ^ oo. 

Combining the above inequalities with the dominated convergence theorem yield 

T 



(4.5) 



I ris,y^,z^)ds^ I f{s,y^,z,)ds 



(4.6) 



as n — )■ oo. Consequently, (|4.4|) . (|4.5|) and (|4.6p allow us to pass to the limit on both sides of 
BDSDE (|4.ip . passing to a subsequence if necessary, it follows that 



y. 



i + j f{s,y^,z,)ds + J g{s,y^,z,)dBs- J zJW^, t G [0,T]. 



Consequently, BDSDE with data {f,g,T,S,) has a solution {y,z). 

Let {y,z) be any solution of BDSDE (12. 1|) . From fi{t,y,z) < f{t,y,z), for all {t,y,z) G 
[0,r] X M X M*^, and Theorem [12] it follows that y/ < yt, a.s., for ah t G [0,r]. 

For n = 1, we consider the following BDSDE: 



T , 



yl=C+ / f{s,Y,\zl)-C{yl-Y})-<l>{\zl-Zl\) 



ds 



rT 



+ / gis,yl,zl)dBs- [ zldWs, t e [0,T]. 
Jt Jt 

From {H5), {H6) and Y^ < y it follows that 

f{t,yt,zt) > f{t,Y,\z}) - C{yt - y/) - (t>{\zt - Zl\). 

Thus, by virtue of Theorem 14.21 we have y} < yt, a.s., for all t G [0,T]. 

For n > 2, we assume that y" < y. Let us consider the following BDSDE: 



vr' = e + 



T 



+ / g{s,y^+\z^+')dBs- [ z'^+'dWs, t e [0,T]. 
Jt Jt 



ds 
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By the similar argument as n = 1 we get 

f{t,yt,zt) > f{t,y^,z^) - C{yt - yD - Hh - z^\). 

Therefore, using Theorem 14.21 again we obtain y"~'" < yt, a.s., for all t € [0, T]. Then, by virtue 
of the first part of the proof and taking the limit we have y < yt a.s., for all t € [0,T]. The 
proof is complete. D 

Remark 4.5 The above theorem generalizes the result in Lin U^ . In fact, we can take (/>(x) = 
Cx, X > 0, where C is a positive constant. 

Remark 4.6 Under the assumptions of Theorem \4-4\ if /2 satisfies (HA) and {HIO), and 
BDSDE 1^4 -1^ is replaced by the following BDSDE: 



I g{s,y^,z^)dB,- I z^W^, t e [0,T], 



where n = 1, 2, • • • , and {y^, z^) = (y^, Z"^). Similar to the proof of Lemma \4-3\ and Theorem 
4-41 we can prove that BDSDE with data (/, g, T, ^) has the maximal solution. 



Remark 4.7 Under assumptions {H5), {H6) and {H9), the solution of BDSDE with data (/, g, T, S,) 
may be non-unique. Let us consider the following BDSDE: 

yt= 4:sSgn{ys)^/\y7\ + y^Zslz,>o ds + l^y^^Q^ys + -Zs dB^- / ZsdWs, te [0,T], 

where Sgn{x) = 1,2; > 0; Sgn{x) = —l,x < 0. We can check that the above equation satisfies 
{H5),{H6) and {H9), where 

fi{t, y, z) = -2t^ - 2\y\ + z and /a = 2t^ + 2\y\ + z. 

It's easy to check that, for each c € [0, T] and t € [0, T], [yt, zt) = (0, 0) and {yt, zt) = ( [max{c^ — 
t^,0}]^,0) are solutions of the above BDSDE. 



Finally, we give a comparison theorem for BDSDEs with discontinuous coefficients. 

Theorem 4.8 We suppose that f^ and /^ satisfy (115), (116) and (119), and /i satisfies (HA) 
and {Hid). Let the minimal solutions {y^ , z}) and{y^,z^) of BDSDEs \2.1\) with data ( f^. a.T.£^^) 
and (/^,5f,r, ^^), respectively. If ^^ < ^"^ , a.s., and f^{t,y,z) < f'^{t,y,z), a.s., then we have 
yl<y^,a.s.,forall t € [0,T]. 

Proof: From {119) we know that there exists the following BDSDE: 
rT rT pT 



Yl=e^ [ fi{s,Y},Zl)ds+ [ g{s,Y},Zl)dBs- [ ZldWs, tG[0,r], 
■Jt Jt Jt 

such that fi{t,Yt^,Zl) G M'^{0,T;M). 
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We consider a sequence of BDSDEs as follows: 



T ^ 



n ^n—l\ 



ds 



+ 1 g{s,y^,z^)dBs- f zyW„ te[0,T], 
Jt Jt 

where ra = 1, 2, • • • and (y°, z^) = {Y^,Z^). 

Prom {H9) and f^{t,y,z) < f'^{t,y,z), a.s., we know that fi{t,y, z) < f'^{t,y,z), a.s. Then, 
from Theorem [O] it follows that y/ < y'^, a.s., for aU t G [0,r]. 

For n = 1, by virtue of {H5), {H6) and Y^ < y"^ we get 

f\t,y^,z^) - f\t,Y,\zl) > fHt,i,i) - f\t,Y,\z}) > -C{y^ - Y,^) - 4>{\i - Zl\). 

Then, we have 

f\t,yl,i) > f\t,Y,\zl)-C{i^-Y,^)-ct^{\i-ZJ\). 

Thus, by virtue of Theorem 14.21 we have y} <y\ a.s., for all t € [0, T]. 

For n > 2, we suppose that y" < y"^. Then, let us consider the following BDSDE: 



,,n+l 



T 



+ l\{s,y:+\z:+^)dB,- I zl'+^dWs, te[0,T]. 



It 

cT f-T 



ds 



By virtue of the similar argument as n = 1 we have 

/'(i,y',£?) > f\t,yl\z^) - C{y'^ - y^) - 0(|z? - z^\). 



Then, thanks to Theorem 14. 2 1 we get li^ < y^, a.s., for alH € [0,7"]. From the proof of Theorem 
it follows that y^ <y\ a.s., for all t € [0, T]. The proof is complete. D 



Remark 4.9 Similar to the proof of Theorem \4.8l we can prove that a comparison theorem, for 
the maximal solution of BDSDE with data {f,g,T,^) by using Remark \4.6[ 

References 

[1] K. Bahlali, Backward stochastic differential equations with locally Lipschitz coefficient, C. 
R. Acad. Sci. Paris Sr. I Math. 333 (2001) 481-486. 

[2] K. Bahlali, S. Hamadene, B. Mezerdi, Backward stochastic differential equations with two 
reflecting barriers and continuous with quadratic growth coefficient, Stochastic Process. 
Appl. 115 (2005) 1107-1129. 

[3] Ph. Briand, F. Confortola, Quadratic BSDEs with random terminal time and elliptic PDEs 
in infinite dimension. Electron. J. Probab. 13 (2008) 1529-1561. 

[4] M. Crandall, Viscosity solutions-a primer. In: Capuzzo Dolcetta, I., Lions, P.L. (Eds.), 
Viscosity Solutions and Applications. In: Lecture Notes in Mathematics, vol. 1660. Springer, 
Berlin, 1997. 

16 



[5] R. Darling, E. Pardoux, Backwards SDE with random terminal time and applications to 
semilinear elliptic PDE, Ann. Probab. 25 (1997) 1135-1159. 

[6] N. El Karoui, S. Huang, A general result of existence and uniqueness of backward stochastic 
differential equations. Backward stochastic differential equations (Paris, 1995-1996), 27-36, 
Pitman Res. Notes Math. Ser., 364, Longman, Harlow, 1997. 

[7] S. Hamadene, Multidimensional backward stochastic differential equations with uniformly 
continuous coefficients, Bernoulli 9 (2003) 517-534. 

[8] G. Jia, A class of backward stochastic differential equations with discontinuous coefficients. 
Statist. Probab. Lett. 78 (2008) 231-237. 

[9] M. Kobylanski, Backward stochastic differential equations and partial differential equations 
with quadratic growth, Ann. Probab. 28 (2000) 558-602. 

[10] J. P. Lepeltier, J. San Martin, Backward stochastic differential equations with continuous 
coefficients. Statist. Probab. Lett. 32 (1997) 425-430. 

[11] Q. Lin, A class of backward doubly stochastic differential equations with non-Lipschitz 
coefficients. Statist. Probab. Lett. 79 (2009) 2223-2229. 

[12] Q. Lin, A generalized existence theorem of backward doubly stochastic differential equa- 
tions. Acta Math. Sin. (Engl. Ser.) 26 (2010) 1525-1534. 

[13] Q. Lin, Z. Wu, A comparison theorem and unique theorem of backward doubly stochastic 
differential equations. Acta Math. Appl. Sin. Engl. Ser. 27 (2011) 223-232. 

[14] E. Pardoux, S. Peng, Adapted solution of a backward stochastic differential equations. 
Systems Control Lett. 14 (1990) 55-61. 

[15] E. Pardoux, S. Peng, Backward doubly stochastic differential equations and systems of 
quasilinear SPDEs, Probab. Theory Related Fields 98 (1994) 209-227. 

[16] Y. Shi, Y. Gu, K. Liu, Comparison theorems of backward doubly stochastic differential 
equations and applications, Stoch. Anal. Appl. 23 (2005) 97-110. 



17 



